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Abstract. A Ginzburg-Landau–like functional is proposed reproducing the main
low-energy features of various possible high-Tc superconducting mechanisms involving
energy savings due to interlayer interactions. The functional may be used to relate these
savings to experimental quantities. Two examples are given, involving the mean-field
specific heat jump at Tc and the superconducting fluctuations above Tc. Comparison
with existing data suggests, e.g., that the increase of Tc due to the so-called inter-
layer tunneling (ILT) mechanism of interlayer kinetic-energy savings is negligible in
optimally-doped Bi2Sr2CaCu2O8+x.
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1 Introduction
One of the striking systematics of the superconducting critical temperature Tc of the
cuprate superconductors (HTSC) is its correlation, within each family of chemically
similar compounds, with the number N of CuO2 planes per unit cell. [1–3] Well-known
examples of these families are the Ca-spaced series, with formula ACaN−1(CuO2)N , such
as the so-called La-, Hg-, Tl1-, and Tl2-series (where A is, respectively, La2−xSrxO2,
HgBa2O2, TlBa2O3−δ, and Tl2Ba2O4−δ). In all these Ca-spaced series, the following
rule is observed to be well obeyed, [1–3] at least for low N values, N ≤ 3 [4]:
TNc − T
N=1
c
TN=1c
∝
(
1−
1
N
)
, (1)
where TN=1c and T
N
c are the critical temperatures of, respectively, the single-layered
and the N -layered compounds (at zero magnetic field and for bulk samples with opti-
mal hole doping concentration). The origin of relation (1) could in principle be sought
either in some N -dependence of the parameters involved in in-plane interactions lead-
ing to superconductivity, or in the existence of c-direction (i.e., inter-layer) interactions
contributing, at least in part, to the condensation energy. The latter way of thinking
is consistent with the proposals made by various authors of different forms of inter-
layer interactions in HTSC saving energy in the superconducting state. [2, 3, 5] For
instance, eq. (1) was obtained, for low N , by Leggett [3,4] by considering the screening
of Coulomb interlayer interactions among carriers. Energy savings in the superconduc-
ting state occur in this approach mainly in the potential energy of the electrons. [3]
In what concerns eq. (1) and for low N , Leggett’s formalism may be expected to ap-
ply in essence for a broad variety of superconducting mechanisms responsible for the
c-direction attractive screening. [3] A notable exception is the so-called interlayer tun-
neling (ILT) mechanism proposed by Anderson, Chakravarty, and coworkers [2]. In
the ILT model, savings occur in the kinetic energy due to a deconfinement process of
the Cooper pairs. This is originated by strong electronic correlations that block the
coherent interlayer tunneling for single particles, but not for pairs. Strikingly, the ILT
proposal again leads to eq. (1) in spite of the very different origin of the interlayer
energy savings. [6]
An experimental test was proposed by Anderson [7] and Leggett [8] to estimate
in single-layered (i.e., N = 1) HTSC the importance of the ILT mechanism. The
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test involves the condensation energy E0, obtained from specific heat data, and the
c-direction magnetic penetration depth at T = 0 K. Anderson [7] argued that data
existing for the N = 1 compounds of the La-series [9] and Hg-series [10] agreed with the
ILT prediction. In contrast, subsequent measurements of λc in the N = 1 compounds
of the La-series, [11] Hg-series, [12] and Tl2-series, [11, 13] concluded that the ILT
mechanism gives a negligible contribution to E0. Chakravarty et al. [14] then pointed
that, in addition to these discrepancies between different measurements, the tests could
be affected by ambiguities in the obtainment of E0; this aspect has been recently
answered in part in [15]. Note that, because of the N = 1 limitation, the above
tests have probed only the energy savings due to the interaction between layers in
different unit cells. However, this extra-cell interaction may be expected to be the
less significative one for enhancing Tc; therefore, the failure of a given superconducting
interlayer mechanism to account for the condensation energy of the N = 1 cuprates
does not rule it out completely as a substantial source for the enhancement of Tc when
N > 1 (see also below).
In the present work, we introduce a Ginzburg-Landau (GL)–type functional that
reproduces in essence the main low-energy features of the above proposals of interlayer
kinetic and/or potential energy savings in HTSC. This functional is based on a simple
energy-balance argument expected to be a good approximation near the transition and
for low Cooper-pair densities, and may be useful for finding experimentally testable
relationships involving the interlayer superconducting energy savings in HTSC with
N ≥ 1. Two examples of such tests will be given in this letter: The first is a rela-
tionship between N and the mean-field specific heat jump at Tc. If it is fulfilled in
a family of chemically similar HTSC, it will indicate that the superconductors in the
series differ only in their interlayer interactions (i.e., that eq. (1) is actually due to a
superconducting interlayer mechanism). The second test will be provided by the Gaus-
sian superconducting fluctuations above Tc: Our present functional leads, for zero or
weak magnetic fields, to fluctuations identical to the well-known ones of multilayered
superconductors with no interlayer energy savings; however, the involved parameters
acquire now additional meanings. In particular, the interlayer Josephson tunnelings are
related to the maximum increase of Tc that could be attributed to the ILT mechanism.
Finally, we end this letter with a brief discussion of available experimental data.
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2 A preliminary energy-balance argument leading
to eq. (1)
In a layered superconductor with N superconducting layers in each c-direction unit cell
of length s, we may write the free energy ∆f saved in the superconducting state, per
Cooper pair and unit volume, as the following sum:
∆f = s−1
[
N∆f‖ + (N − 1)∆f⊥int +∆f⊥ext
]
. (2)
Here ∆f‖, ∆f⊥int and ∆f⊥ext are the energy savings, per Cooper pair and unit area,
due to, respectively, the in-plane interactions in each superconducting layer, the inter-
actions between each two adjacent layers in the same cell (intra-cell interaction), and
the interactions between each two adjacent cells (extra-cell interaction). We assumed
in eq. (2) that all the superconducting layers and intra-cell separations between them
are equivalent. We also assumed that the energies saved by each interlayer interaction
may be considered as independent, and that the interactions between non-adjacent lay-
ers are negligible. These assumptions are expected to be good approximations in both
Leggett’s and ILT proposals. [2, 3] Let us now expand ∆f‖ in powers of the reduced
temperature ε‖(T ) ≡ ln(T/Tc‖) ≃ (T − Tc‖)/Tc‖, where Tc‖ is the critical temperature
of the system if the interlayer interactions were absent; this expansion is obviously
reminiscent of the type of reasonings used in the GL-like theories. So, for the in-plane
interactions above ε‖(T ) = 0 we write ∆f‖ = −αε‖(T ), where α is constant and posi-
tive. For the interlayer interactions, as they will be less dependent on ε‖(T ), we may
write in first approximation ∆f⊥int = αδint and ∆f⊥ext = αδext, where δint and δext are
dimensionless constants (positive, if the corresponding interactions help superconduc-
tivity). After these simple power expansions, the actual critical temperature TNc can
be easily calculated by just writing the condition ∆f(TNc ) = 0, i.e.,
εNeff(T
N
c ) = 0, with ε
N
eff(T ) ≡ ε‖(T )−
δext
N
−
(
1−
1
N
)
δint . (3)
which directly leads to:
TNc − T
N=1
c
TN=1c
≃ ln
TNc
TN=1c
= (δint − δext)
(
1−
1
N
)
. (4)
We find, therefore, a result equivalent to eq. (1), independently of whether the mech-
anism of interlayer energy savings imply the kinetic or potential energies, or both. In
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the above equation we have considered it useful to explicitly emphasize the fact that
the logarithm of the quotient of two temperatures is approximately equal to the rel-
ative distance between them; we will omit the explicit emphasis of this point in the
remainder of this paper.
Note that for N = 1, 2 the above equations also lead to:
ln
TN=1c
Tc‖
= δext , ln
TN=2c
Tc‖
=
δext + δint
2
. (5)
These relationships indicate that if δext ≪ δint is possible for T
N=2
c to be quite different
from TN=1c even if T
N=1
c ≃ Tc‖. In this respect, we note that the recent observation
of superconductivity in a sample of the N = 1 La-series compound with thickness
only one c-direction unit cell [16] is not contradictory with the existence of interlayer
superconducting energy savings in HTSC. These aspects also enhance the interest of
testing the existence or not of interlayer superconducting energy savings in the N > 1
compounds.
3 A simple Ginzburg-Landau (GL) free-energy func-
tional for HTSC with interlayer energy savings
Our next step is to introduce a GL-type functional consistent with the main proposals
for interlayer kinetic and/or potential energy savings in HTSC. This functional must
be chosen so that for low energies and Cooper-pair densities it recovers the energy
balances of the previous section. This is fulfilled by the following expression for the
difference between the superconducting and normal-state free energies, ∆F [Ψ], at zero
magnetic field:
∆F [Ψ] =
∫
d2r
∑
n
N∑
j=1
a0
{
ε‖(T )|Ψjn|
2 +
b
2a0
|Ψjn|
4 + ξ2ab(0)|∇xyΨjn|
2
−γj
(
ΨjnΨ
∗
j+1,n + c.c.
)
+ (2γj − δj)
(
|Ψjn|
2 + |Ψj+1,n|
2
2
) }
. (6)
In the above expression, r = (x, y) and ∇xy are the in-plane coordinates and gra-
dient (we neglect the possible in-plane anisotropy); the indexes (j, n) label each jth
superconducting plane of the nth c-direction unit cell (we use also (N + 1, n) for the
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(1, n+1) plane); Ψjn = Ψjn(x, y) is the superconducting order parameter of the (j, n)-
plane; ξab(0) is the GL amplitude of the in-plane coherence length; a0 and b are the
GL constants. The interlayer interactions in the above functional are contained in the
last two summands. In them, γj is the usual Josephson coupling constant between the
(j, n) and (j + 1, n) planes, and δj parametrizes the interlayer energy savings due to
interactions also between these two planes. These δj parameters coincide with the ones
already used in eqs. (3) – (4), and to our knowledge this is the first time that they
are introduced in a GL model of a layered superconductor. As we did in the previous
section, we may assume in the HTSC only two different interlayer separations (intra-
and extra-cell) and so we take γN = γext, δN = δext and γj 6=N = γint, δj 6=N = δint.
The parameters δj deserve further discussion. When they are zero, the interlayer
summands in eq. (6) reduce to γj|Ψjn − Ψj+1,n|
2. As the latter expression is never
negative, it does not lead to energy savings. In fact, this is precisely the well-known ex-
pression for the interlayer interaction in the extended–Lawrence-Doniach GL-functional
for multilayered superconductors without interlayer energy savings. [17–19] In contrast,
when δj > 0 the interlayer energy can be negative: For instance, if δj = 2γj the last
interlayer summand in eq. (6) is zero and the first one becomes proportional to cosϕj,
where ϕj is the difference of the phases of Ψjn and Ψj+1,n. This is precisely the form
of the interlayer kinetic-energy savings proposed on microscopical grounds by the ILT
model. [2,7] Finally, interlayer potential energy savings as those in Leggett’s proposals
for the superconducting mechanism [3] may also be crudely included in our functional
by considering different δj > 0. This is coherent with the fact that these savings may
be expected to arise in the second of the interlayer interaction summands, i.e., the one
not involving the phase of the superconducting wave function. Let us also note that
these kinetic and potential interlayer energy savings could coexist in the HTSC; in that
case, the δj would result from the sum of the contribution of each energy-saving source,
leading then to energy savings essentially of the form A+B cosϕj , as in fact proposed
in [8] for that mixed scenario.
It is not difficult to calculate the TNc resulting from eq. (6). For that, one just has
to write the condition ∆F [Ψjn(0)](T
N
c ) = 0, where Ψjn(0) are the equilibrium wave
functions, verifying ∂∆F/∂Ψjn = 0. Just as expected, T
N
c simply follows eqs. (3) – (5).
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4 Jump at Tc of the mean-field specific heat
It is also quite direct to calculate from eq. (6) the mean-field specific heat jump at the
transition, cNjump, i.e., the discontinuity at T = T
N
c in the specific heat when considering
the uniform wave function minimizing ∆F [Ψ]. We get:
cjump =
N
sTNc
a20
b
, (7)
where again s is the layered-structure repetition distance. This proportionality of cNjump
and N/sTc has been to the best of our knowledge unnoticed up to now even for layered
superconductors with no interlayer energy savings. Two important additional remarks
are: First, cNjump is found to be independent of the interlayer interaction parameters,
both δj and γj (except indirectly trough T
N
c , see eq. (4)). Second, according to eq. (7)
the quantity cjump/(N/sTc) will be the same for all the HTSC with equal in-plane
interactions (and hence equal GL parameters a0 and b). In particular, experimental
verification of this constancy in a series of chemically similar HTSC would provide a
compelling argument favoring that eq. (1) is in fact due only to the existence of a su-
perconducting interlayer mechanism, and not to some N -dependence of the parameters
involved in in-plane interactions. (We note however that failure of fulfilment of that
proportionality would not rule out completely interlayer interactions contributing at
least in part to the Tc enhancement, as they could still coexist with in-plane effects
varying a0 and b in the series.)
5 Gaussian-Ginzburg-Landau (GGL) fluctuations
above Tc
Let us now consider the superconducting fluctuations above Tc that result from func-
tional (6). For that, we apply to it the same formalism previously used in [18, 19] to
study the Gaussian regime of the superconducting fluctuations in multilayered super-
conductors without interlayer energy savings, i.e., with δj = 0. The calculations go in
parallel to those in [18, 19], and so we will not make them explicit in this letter. The
important result is that the fluctuation spectrum of functional (6) with arbitrary δj
is just the same as found in [18, 19] for δj = 0, if we interpret in these equations Tc
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as TNc . This applies also to the results directly derived from that spectrum, including
the fluctuation-induced observables calculated in [18, 19] at T > Tc for zero magnetic
fields and also for weak magnetic fields perpendicular to the layers, i.e., the in-plane
paraconductivity [18], the in-plane magnetoconductivity [18], the fluctuation suscepti-
bility [18], and the fluctuation specific heat [19]. Therefore, for all these observables we
conclude that the final expressions obtained in refs. [18, 19] (i.e., eqs.(3.4)–(3.8) and
(4.5)–(4.7) in ref. [18], and (9)–(12) in ref. [19]) are applicable for all values of δj .
The above result indicates that any analysis of experimental data based on the
above equations of refs. [18,19] will be also applicable in the δj 6= 0 scenario. This is an
important information because those analyses are able to determine rather unambigu-
ously the values of the Josephson couplings between layers, γint and γext (see [18–22]
and also below). Precisely these Josephson couplings give a maximum limit for the in-
terlayer kinetic energy savings in eq. (6). In particular, the maximum relative increase
of Tc that may be due to the ILT mechanism is given by eq. (5) with δint = 2γint and
δext = 2γext. Note that in [18–22] instead of the variables γint and γext it is often used
the equivalent set composed by ξc(0) and γint/γext, where ξc(0) is the c-direction GL
coherence length amplitude; in terms of these alternative variables, eq. (5) leads to a
maximum increase of Tc due to the ILT mechanism of:
ln
TN=1c ILT
Tc‖
≤ 2
(
ξc(0)
s
)2
, (8)
ln
TN=2c ILT
Tc‖
≤ 2
(
ξc(0)
s
)2 (
1 +
γext
γint
)(
1 +
γint
γext
)
. (9)
6 A brief comparison with existing experimental
information
Testing eq. (7) in a given family of HTSC requires reliable knowledge of cjump on it.
Unfortunately, the latter proves difficult. An illustrative example of these difficulties
happens in the Tl2-series. The N = 2 and 3 compounds of this series were measured
by the same group, in similar samples, and using the same criterion for obtaining cjump,
in [23]. The corresponding cjump/(N/sTc) are equal to 2.6× 10
−3 J/m2 for N = 2, and
2.8 × 10−3 J/m2 for N = 3. This suggests fulfillment of eq. (7), i.e., that the Tc(N)
8
variation in this series is due only to interlayer interactions. However, measurements by
other group [24] in the N = 1 compound of the same series revealed a quite small and
symmetric specific heat peak around Tc. This may be interpreted as a negligible cjump
(and then not fulfillment of eq. (7)), or could have its origin in, e.g., Tc-inhomogeneities
broadening and symmetrizing the specific heat peak around Tc [25], or in pseudogap-
induced effects [24]. Therefore, an ultimate testing of eq. (7) would imply a more
extensive analysis of the experimental specific heat. Naturally, it should also include
other Ca-spaced series. Such a detailed study is beyond the scope of the present letter.
Much less ambiguity exists at present in understanding the superconducting fluctu-
ations above Tc in HTSC in terms of the GGL model of multilayered superconductors.
As commented above, for our present purposes the main interest lies in the N > 1
compounds. Measurements in high-quality single-crystal samples are available for
at least two bilayered and optimally doped HTSC, Bi2Sr2CaCu2O8+x (Bi-2212) and
YBa2Cu3O7−δ (Y-123). Those data were extensively analyzed in terms of the GGL
model of multilayered superconductors with null interlayer energy savings. [18–22] As
mentioned above, these kinds of analyses remain fully applicable in the case of nonzero
interlayer energy savings, with the bonus that the obtained Josephson coupling param-
eters give the maximum increase of Tc that could be attributed to the ILT mechanism.
For instance, in [18, 19, 22] it was determined for Y-123 that ξc(0) ≃ 1.1 ± 0.1 A˚, and
1/30 <∼ γint/γext <∼ 30. By using eq. (9), these values suggest an upper limit of around
70% for the increase of Tc due to kinetic-energy savings. In the case of Bi-2212, the
results are more conclusive: The analysis of the superconducting fluctuations in this
compound leads to ξc(0) <∼ 0.5 A˚, and to γint/γext values whose boundaries compatible
with experiments depend on ξc(0) roughly as ξ
2
c (0)
<
∼ γint/γext <∼ ξ
−2
c (0) (where ξc(0) is
in A˚). [21,22] When these values are used in eq. (9), they lead to around 1% maximum
increase of Tc due to the ILT mechanism in Bi-2212.
7 Conclusions
We introduced a simple Ginzburg-Landau–type functional that reproduces the main
low-energy features of the existing proposals of interlayer kinetic and/or potential en-
ergy savings in HTSC. This functional may be used to find relationships between these
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savings and experimental observables. Two examples of such relationships were pro-
posed: The first involves the mean-field specific heat jump at Tc, cjump, and the normal-
ized mean interlayer distance sTc/N ; if both are inversely proportional to each other
in a series of HTSC, this would indicate that they share identical in-plane interactions
and their Tc’s are different due only to interlayer interactions. The second relationship
involves the superconducting fluctuations above Tc at zero or weak magnetic fields,
from which it may be obtained a maximum limit for the relative increase of Tc due to
interlayer kinetic energy savings (as those in the ILT model). When compared with
available experiments, this second relationship indicates that the increase of Tc due to
interlayer kinetic energy savings is negligible in optimally-doped Bi-2212, and between
zero and ∼ 70% in optimally-doped Y-123. Although based on a simplified model,
these conclusions can be expected to be, at least, qualitatively correct. They provide,
to the best of our knowledge, the first test of the significance of the interlayer kinetic
energy savings in the Tc of any N > 1 HTSC.
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